Reasoning from known identities arising from scaling considerations, formulas in terms of only the moments of the electron density, M k ϭ͗r k ͘, are developed for all energy components in the density-functional theory of the ground states of atoms. In particular, employing Hartree-Fock data for the first 54 atoms and many of their ions, it is demonstrated that formulas of the form T S ϭ ͚ kϭ1
I. INTRODUCTION
The fact that the classical moments of an electron density determine the electron density ͓1͔ and that the electron density of an electronic ground state determines all ground-state properties ͓2͔ implies that it is possible in principle to construct a theory for determining all properties in terms of moments. A previous paper ͓3͔ explored how to do this for the energy components E c and T c for atoms. In the present paper we study T s and E x and put forward and test for atoms universal expansions of these in terms of moments. We also propose how to express the total energy functional as a universal function of moments.
II. THEORY
The total energy of an atom can be written as E͓͔ϭT S ͓͔ϩV ne ͓͔ϩJ͓͔ϩE x ͓͔ϩE c ͓͔, ͑1͒
where T S ͓͔, V ne ͓͔, J͓͔, E x ͓͔, and E c ͓͔ are the noninteracting kinetic energy, the nuclear-electron interaction energy, the classical Coulomb electron-electron repulsion energy, the exchange energy, and the correlation energy, respectively. For an atom with atomic number Z,
͑2͒
Here M Ϫ1 is one of the classical moments
where the nucleus has been taken as the origin. ͓For molecules, one might contemplate using moments about only one center ͑as, for example, in CH 4 ), or about two or more centers ͑as for diatomics͒.͔ What we shall seek are expressions for T S , E x , and E c in terms of these M k , and J as well. Note that Z itself also is expressible in terms of moments: For neutral atoms, for example, ZϭM 0 ϭN. Governing equations, arising essentially from scaling arguments, are, for T S ͓4͔, Here is the familiar coupling constant in the adiabatic connection; ϭ1 gives the atom of interest: E c 1 ϭE c . Now it can be verified by direct substitution in Eqs. ͑4͒, ͑5͒, and ͑6͒, respectively, that particular solutions are ͓7͔
and
Other solutions of Eqs. ͑4͒-͑6͒ are possible, but we note how many there are of the forms of Eqs. ͑7͒-͑9͒ and expect good accuracy if we expand in terms of these. Accordingly for ϭ1 we try expansions of the forms
The constants A k ,C k ,D kl remain to be determined. Values of k and l need not be integral. Finally, J satisfies the same equation as E x , Eq. ͑5͒, and so it should possess an expansion of the form of Eq. ͑11͒, namely ͑with kϭ2, B k Ϸ0.27 the major term͒
The inference then is that the total energy of Eq. ͑1͒ is expressible completely in terms of the moments of the electron density, for neutral atoms,
where the different sums correspond to Eqs. ͑10͒-͑13͒ and the last term is the nuclear-electron attraction. For an ion, M 0 would be replaced by M 0 plus an appropriate integer. Equation ͑14͒ is enticing but at this stage is purely formal. It may be tested for accuracy, universality, and workability. To the extent that it is accurate, it would be a remarkable representation of the exact universal density functional for atoms.
We mention in passing that Dehesa, Galvez, and Porres ͓8͔ derived lower bounds to the kinetic energy;
and upper bounds to the exchange energies,
in the plane-wave approximation, where B k and C k depend only on the number of electrons, i.e., constant for a given system. It is interesting to ask whether expressions similar to Eqs. ͑10͒-͑13͒ can take lower or upper bounds.
III. TESTS
Here we confine the tests to tests of Eqs. ͑10͒ and ͑11͒. As ''accurate'' densities we take restricted Hartree-Fock densities ͓9͔, as ''accurate'' T S values we take the negative Hartree-Fock energies, and as ''accurate'' E x we take the Hartree-Fock exchanges. These are approximations which are known to be good ones. We do least-squares fits of percentage differences between calculated and accurate values. Using data for neutral atoms from Zϭ2 to 54, we somewhat arbitrarily choose to determine the following four-parameter fits for T S and E x , in accord with Eqs. ͑10͒ and ͑11͒: 
Least-squares-fitted results are given in Tables I and II , etc. For NϭZϭ86, Eq. ͑17͒ predicts a kinetic energy 4.5% too large, and Eq. ͑18͒ predicts an exchange energy 27% too negative.
IV. DISCUSSION
The formulas for T S and E x of Eqs. ͑17͒ and ͑18͒ are seen to be remarkably accurate and highly transferable. Note that the formulas we have obtained are ''universal'' in the sense that they are expressed in terms of the density only. The atomic number and electron number: do not enter the formulas. The good fit for positive ions is particularly encouraging. Because the present work is exploratory, we do not compare accuracy here with accuracy of other functionals.
Putting everything in terms of moments, as in Eq. ͑14͒, with integer k values, amounts to a complete discretization of the density-functional theory. Noting, for example, that ͗␦M k /␦͘ϭM k and ͗␦M k /␦͘ l ϭlM k l , we see that the moments and their powers give corresponding potentials with nice analytical properties, which lends hope that the same parameters A k , B k , C k , and D kl may serve to represent well both E and ␦E/␦. ͑The last is a severe test, however.͒ Derivation of some or all the constants from first principles should be attempted. Representation by truncated versions of Eq. ͑14͒ may or may not have appropriate behavior at nuclear cusps and at long range, and they may or may not satisfy other conditions known from works of Levy et al. ͓5͔ to be satisfied by exact functionals. Extension to molecules will be possible; see the remark after Eq. ͑3͒ above. 
